Solving Recurrence Relations
using Generating Functions

Example. Solve the recurrence relation
hn, = 5h,,_1 —6h,,_o> With i. c. hg =1 and h1 = —2.

Define g(z) = >2,>0 hnz™. Then we know
g(z) = hog+ hiz + hox? + hax3 + -+ hpz" + - - -,
—5zg(z) =
622g(z) =

Therefore, g(x) =

We can determine a formula for h, using partial

fractions.

1 —-7x A B

(13001 _20) 1_-3z 11 20

Because
1/(1-3z) = 14+ (3z)+(3z)?+-- = ¥,,50 3"2" and
1/(1—2z) =14 (22) + (2z)? + -+ = ¥,;,50 2"a",

We know g(z) = ano( 3" 4 2”)3:”
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Solving Recurrence Relations
using Generating Functions

With repeated roots, the method of partial frac-
tions still works but its result is not quite as nice.

Example: Find the partial fraction decomposition
of z/(1 — 2x)2(1 4+ 5z).

Since (1 — 22)2 is a repeated root,
T . A B C

(1 —22)2(1+5z) (1-— 2:c)+(1 — 2;c)2+(1 + 5z)

Clearing the denominator gives:

= A(1—22)(1 4+ 5z) + B(1+5z) + C(1 — 2z2)~.

[=

When x =
When ¢z = —

U‘II |—\M

Q=N =

—|—B(1—|—2)—|—O SOB:%
04+04+C(1+2)% so C =32

Equating the coefficients of 1, we know that

A+ B+ C =0, so we can conclude A = Z2.

S S
(1 -22)2(1+52) (1—-2z) (1—-22)2 (1+4+5x)
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Solving Recurrence Relations

Example: Let {hn},>0 be a sequence satisfying

hn + hy_1 — 16h, o+ 20h, 3 = 0,

with initial conditions hg =1, hy = 1, and hy, = —1.
Find a generating function and formula for h,,.

g(z) = hg 4+ hix + hox? + hyz3 4+ - 4+ hpz"™ + - -
+zg(z) =
—1622g(z) =
+20z3g(z) =

Therefore, g(x) =

We recall that (1—y) ™ = > _ (m"'?f’_l)y”. There-
n>0

fore, 52 = Lnzo (")) (22)" = Lpzo(n+1)2""

and we conclude that

hn:
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