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Dynamical Systems
Variables that change and evolve over in time.
• difference equations
• ordinary differential equations
• partial differential equations
• cellular automata
• agent based models
• networks
• artificial neural networks

Variables:
• physical: mass, energy, atoms, molecules
• biological: germs, susceptible people, infected people
• social: behavior, emotions, incidents, bombs, deaths

More Than Just One Paradigm

Using dynamical models to better
understand social systems:

• Dynamical systems used as a metaphor
social science

• Dynamics used as a mathematical model
physical science

Dynamical Systems
as Metaphor

Dynamical Systems: Attractors
No matter where they start, the values of the
variables evolve towards only certain values:
Attractor.
Variable Z

Attractor

Variable Y

Variable X

Dynamical Systems: Energy Landscape
No matter where they start, the values of the
variables evolve towards only certain values:
Attractor.
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Attractors
Attractors are the psychological, social, and cultural
patterns people and groups display over time in conflicts,
and to which they return after temporary changes occur.
No matter where they start, the values of the variables
evolve towards only certain values on the attractor.
Attractors are changeable.
Resolving a conflict can be done by shifting it from one
attractor to another.

Dynamical Systems
as Mathematical Model

Why Use Mathematics?

Words.
Reasoning in words can be very difficult.

Equations.
We can encode these social mechanisms into equations and use
mathematics to determine the logical consequences of these
mechanisms.
The model that we encode in the equations can be too simple, or
wrong, but the math guarantees that the conclusions we draw from
them are the logically accurate consequences of our assumptions.

Mathematics
Lewis Fry Richardson, Arms and Insecurity 1960
Advantages
“To have to translate one’s verbal statements into mathematical formulae compels one carefully
to scrutinize the ideas therein expressed.
Next the possession of formulae makes it much easier to deduce the consequences. In this way
absurd implication, which might have passed unnoticed in a verbal statement, are brought
clearly into view and stimulate one to amend the formula.
An additional advantage of a mathematical mode of expression is its brevity, which greatly
diminishes the labor of memorizing the idea expressed. If the statements of an individual
become the subject of a controversy, this definiteness and brevity lead to a speeding up of
discussions over disputable points, so that obscurities can be cleared away, errors refuted, and
truth found and expressed more quickly than could have been done had a more cumbrous
method of expression been pursured.”

Disadvantages
“Mathematical expressions have, however, their special tendencies to pervert thought:
the definiteness may be spurious, existing in the equations but not in the phenomena to be
described;
and the brevity may be due to the omission of the more important things, simply because they
cannot be mathematized.
against these faults we must constantly be on our guard. It will probably be impossible to avoid
them entirely, and so they ought to be realized and admitted.”

Different Paradigms
Psychology

Physics

Data, observations, intuition,
theory.

Data, observations, intuition,
theory.

Hypothesis.

Theory: JUST MAKE STUFF
UP - turn it into equations.

Experiment: look for the
predicted correlation between
independent & dependent
variables.

Qualitative: do you see
features in the theory in real
data?
Quantitative: do you see the
parameter values in the
theory in real data?

Gottman, Murray, Swanson, Tyson, & Swanson
The Mathematics of Marriage. 2003. MIT Press
Experiments:
Videotape: 73 couples - 15 minutes
• behavior coded every 6 seconds
• physiological, self-report
Theoretical Model:
To make sense of how husbands & wives interact
• difference equations
• determined the parameters of the equations from the data

All Three Models
Similar Mathematical Form
dx = m x + b + f (y,x)
1
1
1
dt Conflict
Model
dy
= m2y + b2 + f2(x,y)
dt

Variables
Therapist-Client = emotional state
Conflict: x,y = emotional state
Stem Cells: x,y = concentrations of expressed proteins

Influence Fucntions f1(y,x) and f2(x,y)
Therapist-Client = piecewise linear
Conflict: tanh-1
Stem Cells: Hill functions

The Mathematics of Marriage: Gottman,
Murray, Swanson, Tyson, and Swanson
(2003, MIT Press)
Philosophy:
“The mathematics forces the development of precise theory about the
mechanisms to create movement in the system. ...
We hope to get creative investigators to move away from metaphors of
dynamics toward real dynamical equations. ...
Ideally a good model allows us to ask questions that would never have
occurred to us had we not written down the model. A good model also has
surprises; it may organize a wider set of data than we had anticipated or even
suggest some discoveries that are entirely new.”

Psychotherapy
Diagnosable Mental Illness
•
•
•
•

1 in 4 adults in USA
leading cause of disability
only 25% seek therapy
of those, 50% quit after 1 session

Psychotherapy
How does the therapeutic relationship work?
Lambert & Barley 2002 Psychotherapy, 38:357-361

§ 40% nothing to do with therapy
§ 30% therapy, regardless of theoretical approach
§ 15% placebo and hope
§ 15% type of theoretical approach
"specific techniques contribute much less to outcome than
do important interpersonal factors common to all therapies"

Psychotherapy
How does the therapeutic relationship work?
Orlinsky & Howard 1977 in Gurman & Rozin (Eds.) Effective
Psychotherapy: A Handbook of Research, Pergamon.

“The inescapable fact of the matter is that the therapist is
a person, however much he may strive to make himself
an instrument of his patient’s treatment” (p. 567).
It is the personhood of the therapist that the client
experiences, evaluates, and reacts to in treatment
seemingly no matter what sort of treatment, theory, or
technique the therapist espouses to practice.

Therapist-Client
The Mathematics of Psychotherapy:
Can mathematical models shed light on the
dynamics of the therapist-client dyad?

Therapist - Client Interactions in Psychotherapy
Larry Liebovitch, Queens College, CUNY
Paul Peluso, Florida Atlantic University
John Gottman, University of Washington, The Gottman Institute
Jessica Su, Florida Atlantic University
Michael Norman, Florida Atlantic University

Just to be clear …

What is the goal.
To understand the logically necessary consequences of the
assumptions that we make about the therapist-client interaction.

What is NOT the goal.
The goal is NOT to try to make a mathematical model that
encompasses and predicts the many and complex different
behaviors that occur between the therapist and client.

Therapist-Client
dx = m x + b + f (y,x)
1
1
1
dt Conflict
Model
dy
= m2y + b2 + f2(x,y)
dt

Variables
Therapist-Client = emotional state

Influence Functions f1(y,x) and f2(x,y)
Therapist-Client = piecewise linear

Therapist-Client
dx = m x + b + f (y,x)
1
1
1
dt
dy
= m2y + b2 + f2(x,y)
dt

x = emotional state of the therapist
y = emotional state of the client

Rate of change of the state of therapist and client
dx/dt, dy/dt
is proportional to
1. m1x and m2y: their “inertia” to change (m1, m2 < 0)
2. b1 and b2: the effect of their “uninfluenced” states
3. f1(y,x): the “influence” of the client on the therapist
f2(x,y): the “influence” of the therapist on the client

Therapist-Client
Influence Functions
How the
Therapist
responds
the Client

How the
Client
responds the
Therapist

Therapist-Client
Base Case

Therapist-Client
RESULT

•

The final emotional states that both the therapist and
client reach depend on their influence functions and
their initial emotional states.

•

A therapist starting from a negative emotional state is
never good for the client.

Therapist-Client
Client Responds STRONGLY to Therapist

Therapist-Client
RESULTS
•

The client reaches a better final emotional state when
the client is more responsive to the therapist.

•

The therapist and client both reach their final
emotional states through a spiral trajectory, meaning
they will necessarily go through up and down
emotional swings before reaching their final steady
states.

Therapist-Client
Client is LESS Dependent on the Past

Therapist-Client
RESULTS

•

Increasing the influence of the other person yields the
same dynamical trajectory as responding more
weakly to your own previous emotional state.

Therapist-Client
Therapist Responds STRONGLY to Client

Therapist-Client
RESULTS
•

The member of the dyad that is most responsive to
the other achieves the most positive state.

•

The successful strategy of a low reactivity therapist,
developed intuitively over many years, may have a
basis in the dynamics of how dyads interact.

Therapist-Client
Therapist and Client BOTH Respond STRONGLY to Each Other

Therapist-Client
RESULTS
•

When both the therapist and client react strongly to each
other there are two attractors, one where the client reaches
a better emotional state and one where the therapist
reaches a better emotional state.

•

The final emotional states that the therapist and client
reach depends on their initial emotional states.

Therapist-Client
SUMMARY OF RESULTS
1.

The member of the dyad that is most responsive to the other achieves
the most positive state. The successful strategy of a low reactivity
therapist, developed intuitively over many years, may have a basis in
the most simple dynamics of how dyads interact.

2.

Under most circumstances, both the client and therapist will necessarily
go through up and down emotional swings, before reaching their final
steady states.

3.

A therapist starting from a positive emotional state can direct an initially
negative or positive client to a positive emotional state.

4.

A therapist starting from a negative emotional state is never good for
the client.

5.

Increasing the influence of the other person yields the same final result
as responding more weakly to your own previous emotional state.

Therapist-Client
NEXT

§ Videotape therapist-client interactions
§ Code the emotional states SPAFF
§ Determine the influence functions from the dynamics
§ Test the predictions of the model
§ See if naive and experienced therapists are different
§ Suggest new ways to effective train therapists
§ Suggest how to respond when there is a "rupture"

Conflicts
“The intransigence, complexity, and trauma associated
with these phenomena present substantial challenges to
the models and approaches used by contemporary
conflict scholars and practitioners.”
-Coleman (2003) Peace and Conflict: Journal of Peace Psychology, 9, 1-37.

How People Interact in Conflicts
Larry Liebovitch, Queens College, CUNY
Robin Vallacher, Florida Atlantic University, University of Warsaw
Andrzej Nowak, Florida Atlantic University, University of Warsaw
Peter Coleman, Columbia University Teachers College
Andrea Bartoli, George Mason University

Model: Interaction Between Two
“actors” (political science)
“parties” (conflict resolution)

Individuals
husband
wife

Groups

Nations

cultural
political
racial

citizens

Conflict Model
dx = m x + b + f (y,x)
1
1
1
dt
dy
= m2y + b2 + f2(x,y)
dt

x = emotional state of group x
y = emotional state of group y

Influence Functions
Boulding

(1962). Conflict and Defense.

Richardson
Pruitt

(1967). Arms and Insecurity.

(1969) Journal of Conflict Resolution, 13, 18-38.

Gottman et al.
Deutsch

(2005) The Mathematics of Marriage

(1973). The Resolution of Conflict: Constructive and Destructive Processes.

(2006) M. Deutsch, P. T. Coleman, & E. C. Marcus (Eds.). The Handbook of
Conflict Resolution: Theory and Practice.

cooperation vs. competition
“To put it colloquially,
if you’re positively linked with another, then you sink or swim together;
with negative linkage, if the other sinks, you swim,
and if the other swims, you sink.”

Model
Influence Function: f1(y,x) = c1 tanh(y) = c1 [(ey – e-y) / (ey + e-y)]
c1 > 0, positive
coordination
do the SAME
group y happy -> group x happy
group y unhappy -> group x unhappy

c1 < 0, negative
de-synchronization
do the OPPOSITE
group y happy -> group x unhappy
group y unhappy -> group x happy

group x
group

group x

x1

x4

groupyy
y1 group

y2
x2

group y
y3 group y

y4
x3

Model
Influence Function: f1(y,x) = c1 tanh(y) = c1 [(ey – e-y) / (ey + e-y)]
c1 > 0, SAME
group x

group y

1.

The influence is proportional at low
levels.

2.

Thresholds so there is a limit to the
influence of one group on the other
group (Gottman et al. x, y -> infinity).

3.

Pruitt and others intuitively picked
“S” shaped functions.

c1 < 0, OPPOSITE
group x

group y

Cases
group x

SAME - SAME

group y

group y

group y

group y

OPPOSITE - OPPOSITE

group x

group x

group y

group y

OPPOSITE - SAME

group x

group x

group x

Conflict Model
SAME - SAME

group x

group y

group y

group x

Model (small influences)
SAME - SAME

attitude

c1 = 0.5, c2 = 0.5

time

OPPOSITE - OPPOSITE

attitude

c1 = -0.5, c2 = -0.5

time

SAME - OPPOSITE

attitude

c1 = 0.5, c2 = -0.5

time

Model
Conclusions #1

same - same
opposite - opposite
same - opposite

weak influence

RESULTS:
1.

There is NOT a proportional effect.

2.

It is as if there was NO feedback between them at all,
even though there is a PROPORTIONAL influence
between them.

3.

Both groups wind up NEUTRAL.

Conflict Model (strong influence)
SAME - SAME
c1 = c2 = 3
x0 = 1, y0 = 1

SAME - SAME
c1 = c2 = 3
x0 = 1, y0 = 2

SAME - SAME
c1 = c2 = 3
x0 = 1, y0 = -2

Conflict Model
Conclusions #2
same-same

strong influence

RESULTS:
1.

Everything is DIFFERENT above a THRESHOLD.

2.

As the strength of interaction increases, there is a
sharp, rather than a gentle transition.

3.

The threshold = the inertia to change.

4.

Either:
BOTH groups are happy, or
BOTH groups are unhappy.

5.

Whether both are happy or unhappy depends
sensitively on their initial states and their uninfluenced
states.

6.

Seemingly small differences in cultural, racial, or ethnic
differences can produce large effects.

Model
OPPOSITE - OPPOSITE

group x

group y

group y

group x

Conflict Model (small influences)

OPPOSITE - OPPOSITE
feedback
c1 = -0.5, c2 = -0.5

Model (symmetry breaking)
OPPOSITE - OPPOSITE

attitude

c1 = c2 = -3
b1 = 0, b2 = 0
x0 = 1, y0 = 1

time

OPPOSITE - OPPOSITE

attitude

c1 = c2 = -3
b1 = 0, b2 = 0
x0 = 1, y0 = 1.001

time

attitude

OPPOSITE - OPPOSITE

time

c1 = c2 = -3
b1 = 0, b2 = -0.001
x0 = 1, y0 = 1

Model
Conclusions #3
opposite - opposite

strong influence

RESULTS:
1.

SMALL differences can produce LARGE effects over
LONG times.

2.

When both groups have ever so slightly different
parameters or initial states, then one group is happy,
and one group is unhappy.

3.

We need to be careful about what differentiates
"external triggers" from "generative causes" in
conflicts.

Model
SAME - OPPOSITE

group y

group x

group y

group x

Conflict Model (small influences)

SAME - OPPOSITE
feedback
c1 = 0.5, c2 = -0.5

Model (mixed influence)
SAME - OPPOSITE

attitude

c1 = 3, c2 = -3
x0 = 1, y0 = 2

time
SAME - OPPOSITE
c1 = 3, c2 = -3
x0 = 1, y0 = -2

attitude

time

Model
Conclusions #4
same - opposite

weak or strong influence

RESULTS:
1.

BOTH groups OSCILLATE.

2.

BOTH groups reach a NEUTRAL STATE.

3.

This means that ONE GROUP acting alone by itself, can
transform a opposite-opposite conflict with a LOSER
and WINNER into a same-opposite conflict with BOTH
NEUTRAL.

4.

One group need NOT change the strategy or feedback
of the other group in order to change the dynamics and
therefore the result of the conflict.

Are Steady States Best?

Tell the Tropicana story.

Switching Strategies
The opposite-opposite case reaches an equilibrium steady state.
However, ONE GROUP ALONE, by switching strategy, can break the
system out of this equilibrium into the oscillations of the mixed sameopposite case.
If that ONE GROUP now switches back to their original strategy, it is
equivalent to running the original calculation with NEW INITIAL
CONDITIONS.
Since the outcome is SENSITIVE to these initial conditions, this means
that the outcome can be changed.
Bottom Line: ONE group, acting all by itself, can change the
outcome of a conflict for BOTH groups.

TRANSIENT Change in Influence

OPPOSITE

OPPOSITE

OPPOSITE

SAME

OPPOSITE

OPPOSITE

Conflict Model
SUMMARY OF RESULTS

1.

There is NOT a proportional effect.

2. Everything is DIFFERENT above a THRESHOLD (which is equal to
the inertia to change).
3. SMALL differences can produce LARGE effects over LONG times.
4. ONE group does need NOT change the feedback of the other group
to change the dynamics and therefore the result of the conflict.
5. ONE group ALONE can CHANGE the OUTCOME by temporarily
switching to a different feedback strategy.

Results: Consistent with Previous Findings
1. SAME-SAME: both happy or both unhappy.
cooperation - Deutsch (1973, 2006)

2. OPPOSITE-OPPOSITE: one happy, one unhappy.
competition - Deutsch (1973, 2006)

3. There is a threshold (= inertia to change)
Yiu & Cheung, 2005. Building and Environment, 41, 438-447.
4. Jay Michaels (PhD thesis Florida Atlantic University)
tested what happens when a confederate switches from the
same to the opposite.

There are MORE than
Two People in the World
Now looking at models of many people
interacting together.
1. Formulate the equations of the model.
2. People will interact on a network, how are
people connected together in this Network?

How MANY People Interact in Conflicts
Lev Guzmán-Vargas, Instituto Politécnico Nacional, México
Iván Y. Fernández-Rosales, Instituto Politécnico Nacional, México
Larry Liebovitch, Queens College, CUNY
Levent Kurt, Borough of Manhattan Community College, CUNY

Many People: Equations

How the variable xi changes in time
xi getting too big? – reduce it (proportionately); m is also the time scale for changes
Each variable stimulates its own growth (auto-catalytic) (actually b = 0)
Effects of other variables:
cij = strength of the effect of xj on xi
cij > 0, positive
cij < 0, negative
-cij
low value of xj: the effect of xj on xi is proportional, = to xj
high value of xj: the effect of xj on xi reaches a threshold, = ±cij

Numerical Integration to
evolve the variables in time.

xi

cij

xj

Many People
“small world network”
• Each person is connected to their
4 nearest neighbors
• Each person has a probability p of
a long range connection to
someone far away

http://pages.physics.cornell.edu/~myers/teaching/Co
mputationalMethods/ComputerExercises/SmallWorld/
SmallWorld.html

Even though everyone is not
connected to all the others, there is a
relatively short path to go from any
one person to any other person:
“Six Degrees of Separation”

Many People
“small world network”
Each person
• Does the SAME or OPPOSITE to all the people they
connect to.
• Vary r, the ratio of number of people doing SAME / OPPOSITE)

r = (0,1)
10% same
90% opposite
50% same
50% opposite
90% same
10% opposite

Many People: “small world network”
512 people
people
time

90% OPPOSITE

50% OPPOSITE
50% SAME

90% SAME

Many People: “small world network”
512 people

90% OPPOSITE

50% OPPOSITE
50% SAME

90% SAME

Many People: “small world network”
512 people

90% OPPOSITE

50% OPPOSITE
50% SAME

90% SAME

Many People: “small world network”
512 people
Network Measures of Distances Between People

differences
over network

differences
seen by each
person

differences
seen in each
neighborhood

Many People: “small world network”
Conclusions
1. Global properties depend on
how people are connected to each other
ratio of SAME/OPPOSITE behaviors
2. Networks with mostly SAME or mostly OPPOSITE
behave similarly!
3. For a roughly equal mix of SAME and OPPOSITE
• Everyone in the network functions closer together
• The dynamics is neither too boring nor too chaotic

Many People: “small world network”
Conclusions #1

Diversity is BEST for everyone.
50% opposite / 50% same

Difficult Conversations
“Intractable” versus “Tractable Conflicts”
The Five Percent: Finding Solutions to Seemingly Impossible Conflicts. 2011.
NY: Public Affairs Press
Coleman with major contributions from Vallacher, Nowak, Bui-Wrzosinska, Bartoli, Liebovitch, Musallam,
and Kugler of the Project on Conflict and Complexity.

The Gravity of Conflict. 2013. Springer
Vallacher, Nowak, Coleman, Bui-Wrzosinska, Liebovitch, Kugler, and Bartoli.

Sometimes conflicts are good: creativity, innovation.
Often, conflicts be effectively resolved.
But about 5% of the time, conflicts become “intractable”
intensify, escalate, persist
waste time and money
negative psychological consequences
agression and violence

Difficult Conversations
Levent Kurt, Borough of Manhattan Community College, CUNY
Katharina Kugler, Ludwig-Maximilians-Universität
Peter Coleman, Columbia University
Larry Liebovitch, Queens College, CUNY

Difficult Conversations
Aim
understand the characterists of “intractable” v. “tractable” conflicts
Using a screening questionnaire 118 participants where put into groups
of 2 who were chosen that have opposite views on either
abortion
death penalty
euthanasia
affirmative action
Each 2 people (dyad) was asked to
engage in a discussion for about twenty minutes
and prepare a joint statement
Join statements evaluated
existence
sophistication of reasoning
Outcome
12 dyads none or a poor joint statement = "intractable"
11 dyads could prepare a good joint statement ="tractable"

Difficult Conversations
Audio Recordings
analyzed every second
Behavior
proself (where personal goals dominate) = 1
neurtal = 2
prosocial (where concerns for the other dominate) = 3
data = 1, 2, 3
Analysis: how long does each participant stay in each state

Emotion
listent to the audio recording
move a computer mouse
left = 0 = most negative emotion felt
right = 1123 = most positive emotion felt
data = continuous values from 0 to 1123
Analysis: what are the correlations in time

Difficult Conversations
Number of Times Spent in Each Behavior State
Intractable All Dyads: State 123

Tractable All Dyads: State 123
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Stretched
exponential
MEMORY
The longer you
stay in a state,
the less likely you
switch out of it

Difficult Conversations
Number of Times Spent in Each Behavior State
Stretched exponential PDF = B exp (-Atc)
Intractable

Tractable
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c = 0.36

LONGER
memory

shorter
memory

Intractable All Dyads: State 123

Tractable All Dyads: State 123

−2

−2

−4

−4

−6

ln(PDF)

ln(PDF)

−6

PDF = B exp(− A tα)
A= 3.9076
B= 16.7815
α= 0.21018
r2= 0.96888

−8

−10

−10

−12

−14

PDF = B exp(− A tα)
A= 1.1546
B= 0.37354
α= 0.3605
r2= 0.97973

−8

−12

1

2

3

4

ln(t)

5

6

7

−14

1

2

3

4

ln(t)

5

6

7

Difficult Conversations
Emotion with Time
Hurst Rescaled Range Analysis
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Conclusion
For BOTH the intractable and tractal dyads:
the fluctations in emotion at any one time DO NOT depend on
their fluctions at previous times

Difficult Conversations
SUMMARY OF RESULTS
Behavior (proself, prosocial) HAS a “memory”
the longer you stay in a state
the less likely you are to switch
to another state

Emotion (negative-positive) HAS NO “memory”
the changes in emotion at one time
have no effect on the changes in emotion at another time

I did not expect to find this difference between behavior
and emotion. I can make up a story as to why this makes
sense, but I’m not sure that I believe that story.

Lessons: From All 3 Projects
• Mathematical models can give us insight into social
phenomena, in that they can rigorously tell us the
logically necessary consequencs of our
assumptions.
• These insights can then be tested using
observations or experiments.
• Methods of mathematical analysis from the physical
sciences can analyze experimental data to reveal
features you can’t find with SPSS.

Lessons: From All 3 Models
• This type of model can be applied to many different
types of behavior.
• It can give us insights on behavior that can then be
tested using observations or experiments.
• Different influence functions can yield very
different types of behaviors.
• Time dependent changes in parameters lead to
very interesting results.
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